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PACS. 82.70.Dd – Colloids.
PACS. 64.70.Pf – Glass transitions.
PACS. 61.20.Gy – Theory and models of liquid structure.

Abstract. – Particle positions of a two-dimensional (2D) binary colloidal glass former were
measured video-microscopically. Local density-optimized structures of triangles of nearest-
neighboring particles (TNNP) were found from the shortest pair-distances. These are referred
to as elementary triangles (ET) —exactly one for each 3-particle combination of the two kinds
of colloids. Clustering of ET-like TNNP implies larger distances between two particles, which
generate the near-zone maxima in the pair-distribution functions. Tiling mismatches of different
kinds of ET create structural frustrations. Increasing combination possibilities for the tiling of
the different ET lead to the loss of long-range order for larger pair-distances. All features of
the pair-distribution functions are qualitatively described.

Introduction. – Many materials exhibit a glass phase which can be described as solids
with liquid-like structures and frozen-in particle dynamics. However, the physical proper-
ties of the various glass formers are mostly comparable in spite of different particle interac-
tions [1, 2]. Thus, one might expect fundamental principles. If so, it would be satisfactory to
explain different glass properties for only one single “model system” in order to understand
these attributes for all the other glass formers as well. Using this reasoning, the amorphous
microscopic near-zone structures of supercooled liquids are described by a novel method, in-
vestigating the experimentally measured particle coordinates of a special glass former, before
postulating that these characteristic features can also be applicable to other glass formers.

In this paper, a two-dimensional (2D) binary colloidal glass former with repulsive particle
interactions is studied. Analyzing the local amorphous structures, smallest particle arrange-
ments in the monolayer were determined, which are triangles of nearest-neighboring particles
(TNNP). For the two-component system there are four different 3-particle combinations. For
each 3-particle combination, one local density-optimized triangle of idealized shape is found,
which are subsumed as elementary triangles (ET). Tilings of these ET describe the complex
short-range order in the amorphous 2D sample. Random tilings of different ET in the mono-
layer will not fill up the monolayer completely as structural frustrations occur. Thus, short-
range peak positions, peak heights, frustration-related peak broadening, and the loss of long-
range order in the partial radial pair-distribution functions can qualitatively be understood.
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Experiment. – The setup is identical to that in [3] for monodisperse colloidal suspensions.
More details about the binary mixture and why the investigated 2D system are glass formers
are discussed in [4–6]. Here, we only briefly introduce the experiment.

In a two-component suspension of monodisperse superparamagnetic PMMA spheres, the
big (b) colloids (Dynabeads M-450, uncoated [7]) have a diameter of 4.7µm and a magnetic
susceptibility χb = 6.2 · 10−11 Am2/T, while the small (s) colloids (dried Dynabeads M-280
uncoated [7]) have a diameter of 2.8µm and a magnetic susceptibility χs = 6.6 ·10−12 Am2/T.
The induced magnetic moments M(B) of the colloids depend on the applied magnetic field B
given by M(B) = χ(B) · B. For B-values up to 15mT, χb(B) remains constant, while χs(B)
decreases above 3mT because of saturation effects, reaching about 65% of χs at 7mT [4].

The colloids were confined to 2D due to gravity lying on a completely flat adjusted water-
air interface of hanging droplet geometry. In the suspension, the thermally fluctuating big and
small colloids interact with their induced magnetic moments, tuneable by a homogeneous ex-
ternal magnetic field B applied perpendicular to the water-air interface. The time-dependent
particle coordinates were determined by video-microscopy in real time.

During an experiment the room temperature, T , the number area density, ρ, and the ratio,
ξ, of the number Ns of small particles to the number (Nb+Ns) of all colloids remain constant.
Hence, only B controls the strength of the particle repulsion by the parallelly aligned induced
magnetic moments. Other in-plane particle interaction potentials can be neglected [3]. The
system is characterized by an interaction parameter, Γ, that is proportional to the magnetic
energy Em divided by kBT . Thus, Γ corresponds to an inverse system temperature:

Γ = π3/2 Em

kBT
=

µ0

4π
B2(ρπ)3/2

kBT
(ξ · χs + (1− ξ) · χb)

2
. (1)

This “model glass former” exhibits several advantages. The 2D confinement simplifies the
observation of particle positions and the analysis of local structures. The restriction to two
well-defined types of colloids reduces the number of microscopic particle arrangements. The
repulsive potential leads to an energy landscape with a well for each particle. The highest
dividend derives from the access to the time-dependent particle coordinates allowing us to
investigate local particle configurations and short-time up to long-time relaxation processes
for isotropic to strongly supercooled liquids [5]. Here, the amorphous structure in supercooled
liquids is studied.

Local density-optimized structures. – In fig. 1a, the partial radial pair-distribution func-
tions, gij(r), of the different pairs ij of big (b) or small (s) colloids for the binary 2D colloidal
suspension of fig. 2 are plotted. Additionally, a hard-disc approximation (HDA) of the big and
small particles is introduced because of the sharp first maxima of gij(r). The disc radii are de-
termined from the half distance of the first maximum for the pairs bb and ss. These disc radii
arise from the long-range repulsion of all magnetic moments in the 2D sample and are referred
to as magnetic-field radii (MFR) in contrast to the hard-sphere radii of the particles them-
selves. In fig. 1a, the MFR ratio of big to small colloids is determined to be 2.15. Since systems
of Γ > 300 have a well-defined cage-effect [4], e.g. a clear visible plateau in the mean-square
displacements, the investigated sample of Γ = 411 remains in a strongly supercooled state.

The sum of the MFR of a big and a small colloid in the HDA is approximately 7% greater
than the bs-pair-distance deduced from the first maximum of gbs(r), shown in fig. 1a. This
fact is sufficient to use the HDA for the particle size in spite of the 1/r3-potential. Thus, in
fig. 2, circles of the MFR are drawn around the big and small colloids, on top of the video
image. For bs nearest-neighboring colloids, the MFR overlap. Also, discs often penetrate
each other because of the softness of the 1/r3-potential and the thermal particle fluctuations.
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Fig. 1 – a) Partial radial pair-distribution functions gij(r) of the binary 2D colloidal mixture shown in
fig. 2. Therein, the magnetic-field radii (MFR) are clarified by the hard-disc approximation (HDA),
e.g., by the half distance of the first maximum for the pairs bb and ss. Notice that the real distance of
the first maximum of gbs(r) is smaller than the bs-pair-distance obtained from the HDA. b) Isosceles
elementary triangles (ET) for the four different 3-particle combinations of big and small particles can
be obtained from the MFR while the particles slightly overlap for the bbs and bss ET. However, bbs
and bss triangles of touching discs in the HDA do not allow local space filling.

For the four different 3-particle combinations of TNNP local density-optimized structures are
observed, built up by identical isosceles triangles, for which all MFR of the colloids touch or
slightly overlap. Those idealized local densely packed 3-particle combinations are defined as
“elementary triangles” (ET). For the 3-particle combinations sss and bbb the ET are equilat-
eral, bbs ET form right triangles, and bss ET have an angle of 36◦ at the big particle (compare
the upper part of fig. 1b with fig. 2). Additionally, particle arrangements can consist of sev-
eral ET of only one kind, namely “crystallite clusters” (CC), and assemblies of different CC
without structural mismatch, termed as “multi crystallite clusters” (MCC). CC of bbb and

Fig. 2 – Video image with sketched magnetic-field radii by circles around the particles. In the super-
cooled sample, triangles of nearest-neighboring particles (TNNP) often form local-density-optimized
shapes such as those of elementary triangles (ET), shown in the upper part of fig. 1b. Some crystallite
clusters (CC) are marked by lines, added ET-like TNNP of other 3-particle combination by dashed
lines, forming multi crystallite clusters with the central CC.
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Fig. 3 – a) Some combinations of crystallite clusters or multi crystallite clusters must lead to structural
frustrations in the investigated samples. ij-pair-distances, marked by dashed ellipses, are clearly
shorter than the first maximum of gij(r), here given by corresponding side lengths of the sketched-in
elementary triangles (ET). The gray area cannot be filled by sss ET. b) Video image of a supercooled
binary 2D colloidal mixture. Neighboring big and small particles are connected by a thin line, and two
neighboring small colloids, both neighbored to a big one, by a thick line. Thus, structural frustrations
for the cases in a) can nicely be seen, except for bbb/bbs multi crystallite clusters.

sss 3-particle combination are hexagonally packed. The bbs CC have a square body-centered
lattice, and for bss CC ten small colloids around a big one shape a decagonal cell. CC are
presented in the upper part of fig. 1b and highlighted in the enlarged pictures of fig. 2. Some
MCC are shown in figs. 2b, d and fig. 3a. The existence of ET could already be demonstrated
in the same binary 2D sample analyzing 3-point correlation functions [8].

For touching hard discs of big and small colloids the particles are densely packed, as
shown in the lower part of fig. 1b. However, small structural mismatches for the HDA will
be equally distributed in the real system because of the repulsive particle interaction since
those structures locally join better than the triangles of HDA in the monolayer. For example,
the 4 big particles of bbs CC evenly share the structural mismatch and this is why the bbs
ET become rectangular. Additionally, for 10 small colloids around one big particle, the MFR
of the small colloids have to overlap slightly (compare with fig. 2), which is why such rings
of 10 small particles are often seen to be distorted, as shown in fig. 3b. Thus, the ET are
local density-optimized with respect to the repulsive interaction. Each of the four different
ET occur at the same time (see fig. 2).

Qualitative description of the peaks of gij(r). – In the past, the origin of the split second
maximum of gij(r) have been intensively investigated in order to understand the amorphous
local glass structure. In three-dimensional (3D) simulation of a simple composed Lennard-
Jones glass former [9], the split second maximum is related to a distorted face-centered cubic
(fcc) packing, since the pair-distances of the radial pair-distribution functions partially cor-
respond with the peak positions of pure fcc structure. In [10] 13-atomic icosahedral clusters
are observed, as shown by Voronoi polyhedron analysis coupled with radial pair-distribution
functions. In another 3D colloidal suspension the microscopic structure, measured by confocal
microscopy and analyzed by the bond order parameter method, is mainly related to fcc and
hexagonally close-packed clusters as well as fragments of icosahedra [11]. Also local struc-
tural analysis by Voronoi analysis of particle topologies has been reported for simulations of
a binary mixture in 2D [12]. In this case, the split second maximum of the partial radial
pair-distribution functions gij(r) were not applied. In this context, interesting tiling studies
of single-component 2D liquids should be mentioned, developed to investigate 2D melting by
a plane tessellation of squares and triangles [13] or by local defect polygons [14].

Up to now, the microscopic amorphous structure of glass formers is typically investigated
by a Voronoi polyhedron analysis or by the bond order parameter, in which the entire near-
est neighborhood around each particle is considered simultaneously. In this paper, the local
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amorphous particle configurations of a 2D binary colloidal glass former is taken to be trian-
gles of nearest-neighboring particles (TNNP) in 2D, filling up the corresponding monolayer
completely. The TNNP shapes are attributed by a limited number of idealized local densely
packed structures, termed as elementary triangles (ET). In the following, the peak positions of
the partial radial pair-distribution functions will be qualitatively described by pair-distances
originating from varying combinations of different ET, forming CC and MCC.

In [4] the authors observed in a comparable binary 2D system, that for increasing Γ the
first peak of the partial radial pair-distribution functions, gij(r), becomes more pronounced
and narrower in width, and the first minimum decreases in magnitude while a splitting of
the second maximum becomes increasingly visible. Since no long-range order appears, the
temperature dependence of gij(r) is characteristic for glass formers. In this paper, the features
of gij(r) are analyzed solely for strongly supercooled liquids with split second maximum.

The first maximum of each pair ij of gij(r) refers to side lengths of ET. Common edges
between two ET —also of different kind— connect these triangles without any structural
mismatch, i.e. they are still local density-optimized (compare with fig. 3a). Pair-distances
of different two-particle combinations for various CC or MCC are calculated (using the first
maximum of gss(r) for ss sides of sss ET, the first maximum of gbb(r) for bb sides of bbb
and bbs ET and the first maximum of gbs(r) for bs sides of bss ET). The resulting vertical
lines, sketched in fig. 4, approximately determine the near-zone peaks of gij(r). Moreover, it
appears that the clearly separated big peaks have an additional, but hidden inner structure
consisting of different peaks, which belong to various particle configurations.

Random tiling of the four different kinds of ET does not cover the monolayer faultlessly, as
shown in fig. 3a. At places, where the tiling fails, structural frustrations of the local particle
arrangements arise and the repulsive interaction distorts the shape of the triangles leading
to less densely packed TNNP depending on the local particle distribution. Such structural
frustrations as well as the thermal particle fluctuations are responsible for broadened first
maxima and for the poorer resolution of the peaks of larger pair-distances in gij(r). The
loss of long-range order in gij(r) follows additionally from the increasing number of possible
ET-combinations for increasing pair-distance.

Structural frustration is strong for CC-like TNNP structures of small sizes if the various
ET do not fit well among each other. In the investigated binary 2D system, mainly bss TNNP
are disturbed by structural frustration because the ten-fold symmetry does not suit to the
other kinds of ET (compare with figs. 4a-c).

Notice that pair-distances, calculated by CC or MCC, are not equivalent to mean values
of pair-distances for the corresponding perturbed TNNP combinations. These distributions
cannot be described by Gaussian or Lorentzian fits. For example, the largest ss distance of
two bss ET with a common bs side are densely packed and therefore, the calculated pair-
distance should be shorter than those pair-distances of two structural frustrated bss TNNP.
Additionally, the pair-distance distribution of those structural frustrated TNNP should be
broad. Furthermore, for the largest ss distance of two opposite bss ET with the same b colloid,
the calculated pair-distance of CC should be a little bit longer than those pair-distances of
two structural frustrated bss TNNP. Their pair-distance distribution should be rather sharp.
Thus, the positions of the sketched vertical lines relating the positions of the peaks of the
gij(r) always depend on the special particle configuration itself. By these considerations the
calculated pair-distances of CC or MCC lead to the nearest-neighboring peak of gij(r), as
seen in fig. 4. These justify the previous statements that the calculated pair-distances of CC
and MCC approximately determine the near-zone peaks of gij(r).

In fig. 4b the pair-distance bs for the combination of a bbs and a bbb ET, which occurs at
∼ 46µm for gbs(r), is rather rare. This is also true for the probability of the pair-distance bb
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Fig. 4 – a)-c) Partial radial pair-distribution functions gij(r) for the three possible pairs ss, bs, and
bb of the binary 2D colloidal suspension shown in fig. 2 with Γ = 411, B = 7.00 mT, and ξ = 0.70.
d) gbb(r) of a binary 2D colloidal mixture with Γ = 867, B = 3.84 mT, and ξ = 0.356. In each
case, idealized distances of ss, bs or bb pairs for crystallite clusters (CC) or multi crystallite clusters
(MCC) of idealized ET are sketched by vertical lines. Thus, the near-zone maxima can approximately
be described. Examples for such CC and MCC can be found in fig. 2 and fig. 3b. Notice that not
all combinations of elementary triangles (ET) are plotted because of clarity, specially for possible
ss-pair-distances. However, the simplification does not affect the line of arguments. Different peak
intensities of gbb(r) in c) and d) can be explained by their different number ratios ξ. For d), because
of different magnetic fields the ratio between the magnetic susceptibilities of big and small colloids
is different compared with a)-c). Thus, the MFR ratio of big to small colloids was determined to be
1.89 and the real bs-pair-distance is about 2.5% smaller than that calculated by HDA. The bbs ET
are still rectangular while for bss ET only nine small particles fit around a big one.

of the long diagonal for the combination of two bbb triangles in fig. 4c, which lies at ∼ 58µm
for gbb(r). These weak signals result because ξ = 0.70, so that there are many more small
than big colloids (compare with fig. 2). However, in fig. 4d with ξ = 0.356, i.e. many more
big than small colloids, the signals of the split second maximum of gbb(r) mainly belong to
combinations between bbb ET, while the peak of two bss ET with common ss side can be
mostly neglected. Thus, the amplitudes of near-zone peaks of gij(r) correspond to ξ.

Conclusions. – In the investigated binary 2D colloidal glass former, a hard-disc approx-
imation (HDA) is deduced from the first maxima of gij(r). Using simple geometric argu-
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ments, the following characteristic features about the amorphous microscopic structure in the
monolayer were observed. First, the colloids tend to form local density-optimized particle
arrangements, called elementary triangles (ET). Second, there is one ET for each 3-particle
configuration. Third, the ET tend to conglomerate. The split second maximum of gij(r) can
be accounted for by different crystallite clusters (CC) and multi crystallite clusters (MCC).
Fourth, there are structural frustrations because of packing mismatches of CC and MCC,
which is why all maxima of gij(r) are additionally broadened. Fifth, the peak intensities of
gij(r) depend on the number ratio between big and small particles. Sixth, the large number
of possible combinations for the tiling of different ET and structural frustrations lead to the
loss of long-range order.

To clarify the general importance of describing amorphous systems by various local density-
optimized ET as well as CC and MCC, particle coordinates of other glass formers have to be
investigated in the same way. For binary 2D mixtures with different size ratios of big to small
particles, other bbs and bss ET should exist. In 2D systems of more than two components, ad-
ditional kinds of ET are expected. In 3D, triangles have to be replaced by tetrahedrons [15].
For systems with complicated particle interactions such as covalent bonds or for polydis-
perse colloidal suspensions, the simple argument of local density-optimized structures must
be adapted appropriately.
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